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Аннотация. Method of the quantum hydrodynamics has been applied in quantum
plasmas studies. As the first step in our consideration, derivation of classical
semi-relativistic (i. e. described by the Darwin Lagrangian on microscopic level)
hydrodynamical equations is given after a brief review of method development. It
provides better distinguishing between classic and quantum semi-relativistic effects.
Derivation of the classical equations is interesting since it is made by a natural, but not
very widespread method. This derivation contains explicit averaging of the microscopic
dynamics. Derivation of corresponding quantum hydrodynamic equations is presented
further. Equations are obtained in the five-momentum approximation including the
continuity equation, Euler and energy balance equations. It is shown that relativistic
corrections lead to presence of new quantum terms in expressions for a force field, a
work field etc. The semi-relativistic generalization of the quantum Bohm potential is
obtained. Quantum part of the energy current, which is an analog of the quantum Bohm
potential for the energy evolution equation, is derived. The Langmuir wave dispersion
in semi-relativistic quantum plasmas, corresponding to the Darwin Lagrangian, is also
considered to demonstrate contribution of semi-relativistic effects on basic plasma
phenomenon.
1. Introduction
Paper is dedicated to further development of the many-particle quantum hydrodynamics
[1]-[4]. In previous works on this subject non-relativistic systems of particles and also
influence of several (particularly, spin related) relativistic corrections in Hamiltonian
describing system have been studied in [2], [4], [5]. Main goal of this work is an
obtaining of the quantum hydrodynamical equations for system of charged particles
with the Coulomb and the current-current interactions, placed into an external
electromagnetic field. The relativistic correction to the kinetic energy of particles is also
taken into consideration. Historically the Biot-Savart-Laplace law was among the first
examples of the current-current interaction. It is possible to formulate the problem with
electromagnetic interaction of N particles. Lagrangian of this system in semi-relativistic
Balance equations in semi-relativistic quantum hydrodynamics 2
approximation to the second order of v/c was derived by Darwin [6] and has form
L =
N∑
i=1
(
miv
2
i
2
+
miv
4
i
8c2
)
− 1
2
N∑
i,j=1,i 6=j
eiej
rij
+
N∑
i,j=1,i 6=j
eiej
4c2
[
vivj
rij
+
(virij)(vjrij)
r3ij
]
. (1)
where mi, ei are masses and charges of particles, c is the speed of light, ri is radius
vector of i-th particle, vi = r˙i are velocities of particles, rij = ri − rj. The first
group of terms in the first line is the non-relativistic kinetic energy of particles, the
second group is associated with the relativistic correction to it, the third is energy of
the Coulomb interaction. Group of terms in the second line correspond to the current-
current interaction. Radiation of electromagnetic waves is not included into Lagrangian
in this approximation.
Kinetic equation describing dynamics of N charged interacting particles in self-
consistent field approximation was proposed by A. A. Vlasov [7], [8] in 1938. In the
process full electromagnetic interaction was taken into account, i. e. fields produced by
particles satisfy to the full set of Maxwell equations. Derivation of a kinetic equation
for N particle system with the Coulomb interaction was presented in 1946 by N. N.
Bogolyubov, it is known as the BBGKY hierarchy (the method can be found in [9],
[10]). Derivation of the kinetic equation based on the Darwin Lagrangian presented in
[11], [12], [13], some further development of this field can be found in Refs. [14]-[17].
Consideration of the semi-relativistic effects in quantum plasmas was started in Refs.
[18]-[22], some of it was done in terms of the Wigner quantum distribution function [23].
Recent papers show that there is strong interest to relativistic effects in plasmas [24]-[31]
and quantum plasmas (see for instance Ref. [32]). The semi-relativistic corrections be of
interest also in equations of quantum plasma kinetics [32]. The spin-orbit interaction in
quantum plasmas was considered in [4], [33]-[36]. Quantum hydrodynamics based on the
relativistic Klein-Gordon equations was considered in [37]. Quantum hydrodynamical
description of the Dirac electron was presented in [38]. Many astrophysical applications
wait for creation of relativistic quantum hydrodynamics and kinetics. Some of these
astrophysical phenomena were described in recent review [39].
Some properties of the semi-relativistic many-particle QHD have been considered
in our recent papers [40] and [41]. These research were focused on the Euler equation
and Langmuir wave dispersion. The Darwin interaction was also considered in [40]. It
was shown that the Darwin interaction competes with contribution given by the semi-
relativistic part of the kinetic energy.
Creation of fully relativistic quantum hydrodynamics meets some complications,
because quantum equation describing dynamics of N relativistic particles with full
electromagnetic interaction does not exist. This system of particles is non-Hamiltonian
system. Evolution of one particle with spin in external electromagnetic field is described
by the Dirac equation.
Quantum generalization of the Hamiltonian corresponding to the Darwin
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Lagrangian was proposed by Breit [42]. So, on the way of relativistic quantum
hydrodynamics construction is naturally to use this Hamiltonian describing quantum
system of N particles with electromagnetic interaction to the second order of v/c.
Quantum mechanical derivation of the Breit Hamiltonian was done by L. D. Landau;
derivation from scattering amplitude of two electrons is presented in Ref. [43] (see section
83). The Breit Hamiltonian has form
Hˆ =
N∑
i=1
(
pˆ2i
2mi
− pˆ
4
i
8m3i c
2
)
+
1
2
N∑
i,j=1,i 6=j
{
eiej
rij
− πeiejh¯
2
2c2
(
1
m2i
+
1
m2j
)
δ(ri − rj)
− eiej
2mimjc2rij
(
pˆipˆj +
rij(rijpˆi)pˆj
r2ij
)
− eiejh¯
4c2r3ij
[
[rijpˆi]ασiα
m2i
− [rijpˆj ]ασjα
m2j
+
2([rijpˆi]ασjα − [rijpˆj ]ασiα)
mimj
]
+
eiejh¯
2
8mimjc2
σiασjβ
[
δαβ
r3ij
− 3xαijxβij
r5ij
− 8π
3
δαβδ(ri − rj)
]}
, (2)
where pˆi = −ih¯∇i is momentum operator of particle, σiα is spin operator of particle,
h¯ is the Planck constant. As it is seen from this expression, the Breit Hamiltonian
contains, along with the Coulomb and the current-current interactions, also the spin-
spin (the fourth line), spin-current and spin-orbit interactions (the third line). There
is also interaction proportional to δ(ri − rj), which corresponds to the Zitterbewegung
effect.
Through studies of specific physical processes, such as dispersion of waves,
interaction of charged beams with plasmas, equations of quantum hydrodynamics have
been used in modern literature, and these equations can be derived from both the many-
particle Schro¨dinger equation to be truncated for particular system of particles [1], [2],
[3], [44] and from the Schro¨dinger equation for one particle in an external field [45]-[47].
Since we develop the method of quantum hydrodynamics, let us briefly mention
history of its development. In 1926 Madelung [48], on account of the Schro¨dinger
equation for one particle in an external field, derived a set of equation in hydrodynamical
form. This set of equations consists from the continuity equation and the momentum
balance equation. Velocity field is potential there. In this way, Madelung made a transfer
from one abstract complex function to the observable physical quantities - probability
density and velocity field. Hydrodynamical formulation of quantum problem on motion
of charged particle with a spin in an external electromagnetic field was accomplished by
Takabayashi in 1955 [49]. In his work, along with the continuity and momentum balance
equations, an equation of spin evolution was obtained. An explicit form of the force field
associated with magnetic moment interaction with an external field was derived in the
momentum balance equation. So hydrodynamics may appear directly from equations
of mechanics. Nevertheless, the traditional way of derivation of hydrodynamic equation
is getting of moments of kinetic equation. To the end one can use the Wigner kinetic
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equation [10], [19], [23], [50]. However, it is possible to find straightforward derivation of
quantum hydrodynamics from many-particle Schro¨dinger equation. It was done in 1999-
2001 in Refs.[1], [2], [51]. Further development was made in Refs. [3], [5], [41]. Quantum
hydrodynamics has different applications, but most of all it has been used for studying
of quantum plasmas. Reviews of recent applications of the quantum hydrodynamics for
quantum plasmas were presented in Refs. [52], [53].
In Ref. [54] effectiveness of hydrodynamical description (obtaining from the
one-particle Schro¨dinger equation) for kinetic properties of quantum plasmas was
demonstrated.
Investigating quantum plasma of many-electron atom, many-nucleon problem,
transport phenomena, propagation modes we have to deal with dynamics of many
interacting particles. Schro¨dinger equation for a system of N interacting particles is
defined in a 3N dimensional configuration space, when propagation of excitations,
processes of momentum and energy exchange are taken place in three dimensional
physical space. So, there is problem of conversion from function defined in physical
space to an equivalent quantum description of system in terms of physical fields in
three dimensional space. The method of many-particle quantum hydrodynamics [1], [2],
[3] solves this problem allowing to get dynamics in physical space. This transition is
reached by the Dirac delta function existing in definition of hydrodynamic variables.
They play role of projection operators from 3N dimensional configurational space to
three dimensional physical space.
In the first paper on [1] quantum hydrodynamic method for N interacting particles
the Coulomb interaction only is taken into account. Many-particle QHD allows to derive
the continuity and Euler equations, but it also allows to derive other hydrodynamic
equations, such as the energy, pressure, energy flux evolution equations, and make
truncation at necessary point. The energy evolution equation were derived in Ref. [1].
Quantum contributions in the momentum and energy balance equations were obtained.
Quantum exchange correlations for bosons and fermions were considered in [1] as
well. It was done to consider interparticle interaction beyond the self-consistent field
approximation.
In following papers other interactions were included in the QHD scheme: the spin-
spin interaction [2], the spin-current interaction [4], [5], and the spin-orbit interaction
[4], [33], [34]. Exchange part of the Coulomb and spin-spin interactions were derived
in Ref. [51]. It was applied for calculation of wave dispersion in quantum plasmas
[55]. In other papers, the ultra-cold quantum gases of neutral particles [44], systems
of particles with the electric dipole-dipole interactions, where equations of polarization
evolution were derived and applied [3], [56], system of spinning particles with electric
dipole interactions [36] etc were investigated. We should mention that QHD theory of
the ultra-cold quantum gases of neutral particles is based upon the exchange part of the
short-range interaction [44].
Evolution of magnetic moments in quantum plasmas leads to different phenomena
[52]. Particularly it supports propagation of new type of excitations [57], [58], [59], where
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spin dynamics are involved in evolution of electromagnetic perturbations. So we can call
them spin-electromagnetic plasma waves. Existence of specific spin waves, where the
electric field existing in plasma gives no contribution in mechanism of propagation of
these spin waves, was also shown in Ref. [57]. More detailed description of the spin
waves and spin-electromagnetic plasma waves can be found in Ref. [4]. Instabilities of
magnetized quantum plasmas can be caused by propagation of neutron beam [4], [55].
These instabilities are caused by the spin-spin interaction of neutron spins and plasma
spins, and also the spin-current interaction of neutron beam spins and electric currents
in plasma.
Some papers dedicated to discussion of applicability area for the QHD have been
appeared [60], [61]. We should mention that these debates are conducted around the
QHD equations obtained from the one-particle Schro¨dinger equation or the many-
particle Schro¨dinger equation splitted on number of one-particle equations for particles
with weak interaction.
Interactions consisting the Breit Hamiltonian enter in it in additive way, and,
consequently, results obtained for every interaction separately give full result by
summation of each other. As next step in investigations of quantum hydrodynamics
developed on base of the Breit Hamiltonian, in this work the current-current interaction
and the relativistic correction to kinetic energy of particle are considered. It gives
opportunity to use derived framework for wide class of physical systems, considering,
for example, that solar plasma is not ultrarelativistic (T ≪ mc2). The current-current
interaction plays significant role at investigations of charged beams.
Application of the Wigner kinetics spreads with increases of interest to quantum
plasmas in the last years [50], [62]-[69], including generalizations for spinning particles.
In most cases authors use the Wigner distribution function defined in terms of one-
particle wave functions of independent particles obeying the one-particle Schro¨dinger
equations. As the result it gives closed mathematical apparatus looking like quantum
Vlasov equation in the self-consistent field approximation. However, the general Wigner
distribution function may be used for derivation of more general chain of kinetic equation
to be truncated at necessary step [23]. The Wigner kinetic technic was also applied
in Refs. [70], [71], where authors consider interaction under some general condition
and derive corresponding quantum hydrodynamic equations applying the principle of
quantum maximum entropy to close set of equations. Some attempts to get alternative
kinetic methods have been also recently performed [72]-[75].
Having kinetic equation one can derive corresponding quantum hydrodynamic
equations, so that obtained set does not restricted by the continuity and Euler equations
(corresponding set of QHD equations for spinning particles also contains the generalized
Bloch equation for the spin density evolution). It allows to find equations for the energy
evolution, the pressure evolution etc. We have not tested capabilities of the Wigner
kinetics, but we have not seen derivation of explicit form of the momentum and energy
fluxes containing quantum Bohm potentials. Method of the many-particle QHD, which is
under derivation in this paper, also allows to get equations for evolution of the energy,
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pressure, energy flux etc, but in opposite to the Wigner kinetics, it allows to obtain
explicit form of the fluxes including quantum parts related to the quantum Bohm
potential (see for instance [1], [2], [5], and below in this paper). Non-relativistic quantum
energy evolution equation including the Bohm potential was considered in Ref. [76] to
get influence of the energy evolution on the Langmuir wave dispersion.
One more method of QHD derivation has been suggested recently [77]. This method
also gives full chain of hydrodynamic equations. Particularly, in Ref. [77] author discuss
derivation the energy density, the positivity of the entropy production is used in the
derivation and hence the viscous tensors and the heat current are obtained applying the
linear irreversible thermodynamics to construct a hydrodynamic model with spin. The
method suggested by T. Koide allows to obtain full chain of hydrodynamic equation for
quantum mediums as we do it in the many-particle QHD. However, we do not apply
concepts additional to quantum mechanics and keep to stand in terms of one concept.
Nevertheless, irreversibility is a fundamental property of processes in nature, and its
including enriches quantum theory.
This paper is dedicated to wider consideration of the many-particle QHD method
for charged spinless particles in the semi-relativistic approximation. Comparison with
the classic approach and account of the energy evolution were also performed in the
paper.
This paper is organized as follows. In Section 2 we derive equations for the classic
semi-relativistic hydrodynamics of plasmas. In Section 3 description of QHD method is
given. In Sections 4-6 we derive continuity equation, momentum and energy balance
equations correspondingly. Velocity field is introduced, and obtained equations are
expressed through it in Section 7. Semi-relativistic part of the quantum Bohm potential
is derived in Section 7. An explicit form of the quantum thermal current up to the
semi-relativistic contribution is also obtained in Section 7. As an example, in Section 8
we discuss the longitudinal waves in semi-relativistic plasmas. Conclusion is presented
in Section 9.
2. Foundations of classical semi-relativistic hydrodynamics
Until we analyze equation of quantum hydrodynamics, let us deduce the classical
equations. It needs to be done for comparison with quantum equations obtained later.
This consideration is conducted with method suggested in 1996 [78]. It was a branch of
more general scheme [79]. Recent discussion of some method details can be found in Ref.
[80]. This method allows to obtain hydrodynamical equations from microscopic equations
of dynamics for N particles and definition of microscopic density. Some properties of
relativistic hydrodynamic was considered in terms of this method in Ref. [30].
Using Lagrange equations
d
dt
∂L
∂viα
=
∂L
∂xiα
, (3)
we obtain classical equation of motion derived from the Darwin Lagrangian (1). From
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this we express acceleration of particle v˙iα inverting structure placed before it. It cannot
be carried out exactly, but, keeping terms only to the second order of v/c, we obtain
next result:
v˙iα =
ei
mi
[(
1− v
2
i
2c2
)
δαβ − 1
c2
viαviβ
]
(Eextiβ + E
int
iβ )
+
ei
mic
εαβγviβ(B
ext
iγ +B
int
iγ ) +
N∑
j=1,j 6=i
eiej
2mic2
vjβvjγ∂iβG
αγ
ij
−
N∑
j=1,j 6=i
eie
2
j
2mimjc2
Gαβij (E
ext
jβ + E
int
jβ ), (4)
where field Eintα contains only potential part.
In correspondence with [78], [80] we define mass density in the adjacency ∆(r) of
physically infinitesimal volume with value ∆ in following way:
ρ(r, t) =
1
∆
∫
∆(r)
dξ
N∑
i=1
miδ(r+ ξ − ri(t)). (5)
For particles of one species, for instance electrons, we have simple relation between the
mass density ρ and the particle concentration n: ρ(r, t) = mn(r, t).
Differentiating this expression with respect to time t, the continuity equation is
obtained:
∂tρ(r, t) + ∂αj
α(r, t) = 0, (6)
where current density is
jα(r, t) =
1
∆
∫
∆(r)
dξ
N∑
i=1
miviα(t)δ(r+ ξ − ri(t)). (7)
Differentiating with respect to time the particle current, an equation of the
current evolution is obtained. This equation corresponds to the Euler equation in
hydrodynamics:
∂tj
α + ∂βΠ
αβ = enEα +
e
mc
εαβγjβBγ + Fα, (8)
where we have used ρ(r, t) = mn(r, t). For simplicity we consider system with one kind
of particles, but we keep in mind that plasmas consist of two or more kinds of particles.
If we would consider several kinds of particles, we have a set of QHD equations for each
kind of particles. All these equations are coupled via electromagnetic field created by
particles and satisfying to the Maxwell equations. The first two terms in the right-hand
side represent the Lorentz force and describe an action of an electromagnetic field on
charges and currents. The first term in the right-hand side of equation (8) represents sum
of the external electric field and the Coulomb interaction. The second term describes
an action of the external magnetic field on the currents of system, and also the current-
current interaction. Fα is density of force caused by the semi-relativistic effects, namely
by the relativistic correction to the kinetic energy and the current-current interaction.
The current-current interaction enters both the Lorentz force and Fα. Let us introduce
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a notion of thermal velocity uiα particle as difference between the velocity of particle
and the velocity field: uiα(r, t) = viα(t) − vα(r, t), where the velocity field vα is defined
by formula jα(r, t) = mn(r, t)vα(r, t). The current on thermal velocities equals to zero,
thereby velocity field vα is separated. The flux of particle current equals to
Παβ(r, t) = mnvαvβ(r, t) + pαβ(r, t), (9)
where pαβ is the tensor of kinetic pressure having form
pαβ(r, t) =
1
∆
∫
∆(r)
dξ
N∑
i=1
miuiαuiβδ(r+ ξ − ri(t)). (10)
The electric and magnetic fields represent the sum of external fields and fields caused
by charges of particles: Eα = Eαext + E
α
int, B
α = Bαext +B
α
int.
The force density Fα take the form
Fα = − e
mc2
[
δαβ
(
1
2
mnv2 + ρǫ
)
+ (mnvαvβ + pαβ)
]
Eβ
+
e2
2c2
∫
dr′[∂αGβγ(r− r′)− ∂βGαγ(r− r′)]πβγ(r, r′, t)
+
e2
2mc2
n
∫
dr′∂γGαβ(r− r′)[mn(r′, t)vβ(r′, t)vγ(r′, t) + pβγ(r′, t)]
− e
3
2mc2
n
∫
dr′Gαβ(r− r′)Eβ(r′, t)n(r′, t), (11)
where
ρǫ(r, t) =
1
∆
∫
∆(r)
dξ
N∑
i=1
1
2
miu
2
i δ(r+ ξ − ri(t)), (12)
παβ(r, r
′, t) =
1
∆
∫
∆(r)
dξ
N∑
i,j=1,j 6=i
δ(r+ ξ − ri)δ(r′ − rj)uiαujβ. (13)
In formula (11) terms in the first line arise from the semi-relativistic correction to
energy of particle. Function ρǫ(r, t) represents non-relativistic part of kinetic energy
of thermal motion, and presence of term with tensor παβ(r, r
′, t) in equations associated
with the fact that thermal motion of particles also causes magnetic field, which give
an influence on evolution of particle current. The term in the third line appears from
the current-current interaction between particles, and the term in the fourth line is
caused by dependence of particle acceleration (4) from the function of current-current
interaction.
Let us consider the energy balance equation in classical hydrodynamics. This
equation is the fifth equation in the five momentum approximation. Energy density
of system is defined by formula
ε(r, t) =
1
∆
∫
∆(r)
dξ
N∑
i=1
δ(r+ ξ − ri)
[
1
2
miv
2
i +
3
8c2
miv
4
i
+
N∑
j 6=i
(
1
2
eiejGij +
eiej
4c2
viαvjβG
αβ
ij
)]
. (14)
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The first group of terms in this formula is density of non-relativistic kinetic energy, the
second group is semi-relativistic correction to it, the third and the fourth groups are
densities of the Coulomb and the current-current interactions correspondingly.
Applying the procedure described above, we obtain following equation for the
energy density:
∂tε(r, t) + ∂αQ
α(r, t) = en(r, t)v(r, t)E+ α(r, t)
+
e2
2
n(r, t)
∫
dr′∂αG(r− r′)(vα(r, t)− vα(r′, t))n(r′, t)
+
e3
4mc2
nEα(r, t)
∫
dr′Gαβ(r− r′)nvβ(r′, t)
− e
3
4mc2
nvα(r, t)
∫
dr′Eβ(r′, t)Gαβ(r− r′)n(r′, t)
+
e2
4c2
nvα(r, t)
∫
dr′∂γGαβ(r− r′)(vγ(r, t) + vγ(r′, t))nvβ(r′, t), (15)
where energy density can be represented as
ε(r, t) =
1
2
mnv2 +
e2
2
n
∫
dr′G(r− r′)n(r′, t) + 3
8c2
mnv4
+
e2
4c2
nvα
∫
dr′Gαβ(r− r′)n(r′, t)vβ(r′, t) + ρǫ, (16)
function ρǫ is introduced here, which has sense of internal energy density (coinciding
with it in non-relativistic theory; in semi-relativistic theory in ρǫ terms combined with
velocity field and thermal velocities appear):
ρǫ(r, t) =
1
∆
∫
∆(r)
dξ
N∑
i=1
δ(r+ ξ − ri(t))
[
1
2
miu
2
i
+
3mi
8c2
{4(v(r, t)ui)2 + u4i + 2v2(r, t)u2i + 4(v(r, t)ui)u2i }
+
N∑
j 6=i
eiej
4c2
Gαβij
(
vα(r, t)ujβ + uiαvβ(r
′, t) + uiαujβ
)]
. (17)
In formula (17) terms caused by semi-relativistic part of the Lagrangian (1) are seen
again. Terms in the second line appear from relativistic correction to kinetic energy, in
the third line - from the current-current interaction.
Function of energy current Qα(r, t), which some times is called the energy flux, can
be presented as a sum of three terms:
Qα(r, t) = vαε+ vβpαβ + qα, (18)
where the thermal energy current qα(r, t) equals to
qα(r, t) =
1
∆
∫
∆(r)
dξ
N∑
i=1
δ(r+ ξ − ri(t))
[
1
2
muiαu
2
i +
N∑
j 6=i
1
2
uiαeiejGij
+
3m
8c2
uiα{4v2(r, t)vβ(r, t)uiβ + 4(v(r, t)ui)2
+ u4i + 2v
2(r, t)u2i + 4(v(r, t)ui)u
2
i }
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+
N∑
j 6=i
uiα(vβ(r, t)vγ(r
′, t) + vβ(r, t)ujγ + uiβvγ(r
′, t) + uiβujγ)G
βγ
ij
]
. (19)
Thermal work density α(r, t) (which is part of work density producing by particles
in thermal motion) in the energy balance equation (15) is defined in the next way:
α(r, t) =
1
∆
∫
∆(r)
dξ
N∑
i,j=1,i 6=j
δ(r+ ξ − ri(t))
[
−e
2
2
(uiα + ujα)∂iαGij
+
e2
4c2
∂iγG
αβ
ij [(vγ(r, t) + vγ(r
′, t) + uiγ + ujγ)(vα(r, t) + uiα)×
× (vβ(r′, t) + ujβ)− (vγ(r, t) + vγ(r′, t))vα(r, t)vβ(r′, t)]
+
e3
4mc2
Gαβij (Eiαujβ −Ejβuiα)
]
. (20)
The thermal energy current qα(r, t) and the thermal work density α(r, t), unlike
the non-relativistic case, include the velocity field vα(r, t).
Thus, equations of the five-moment approximation in semi-relativistic hydrodynamics
were obtained. With method described above this equations were obtained for the first
time.
3. Quantum hydrodynamics. Formulation of problem in semi-relativistic
approximation
Let us consider a quantum mechanical system of N charged particles, interacting by the
Coulomb and the current-current interactions, placed into an external electromagnetic
field. Derivation of quantum hydrodynamical equations is carried out by the method
described in Refs. [1], [2], [3]. Microscopic mass density is defined by formula
ρ(r, t) =
∫
dR
N∑
i=1
miδ(r− ri)ψ∗(R, t)ψ(R, t), (21)
where R = (r1, ..., rN), ri - coordinates of i-th particle,
dR =
N∏
j=1
drj, (22)
dR is an element of volume in 3N dimensional configuration space, drj is the element
of volume in three dimensional space of radius-vector rj. Number density and charge
density are defined in the same way. Formula (21) appears as the quantum mechanical
averaging [81] of the mass density operator giving microscopic quantum observable
suitable for the collective effect description.
The Hamiltonian of system has form (Hˆ0 is non-relativistic part of the Hamiltonian,
Hˆr is semi-relativistic part):
Hˆ = Hˆ0 + Hˆr, (23)
Hˆ0 =
N∑
i=1
(
D2i
2mi
+ eiϕi
)
+
1
2
N∑
i,j=1,i 6=j
eiej Gij, (24)
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Hˆr = −
N∑
i=1
D4i
8m3i c
2
−
N∑
i,j=1,i 6=j
eiej
4mimjc2
Gαβij D
α
i D
β
j , (25)
where Dαi = (h¯/i) ∂
α
i − (ei/c)Aαi , ∂αi is derivative over coordinates of i-th particle,
functions ϕi = ϕi(ri, t), A
α
i = A
α
i (ri, t) are the potentials of external electromagnetic
field, rij = ri − rj . Gij, Gαβij are the Green functions of the Coulomb and the current-
current interactions respectively, defining in the next way:
Gij =
1
rij
, Gαβij =
δαβ
rij
+
xαijx
β
ij
r3ij
. (26)
Previously, in section 2, with method of differentiation the equations (6)-(20) were
derived for classical case. In sections 4-7 equations of quantum hydrodynamics is derived.
4. Continuity equation
Differentiating mass density (21) with respect to time and using the Schro¨dinger
equation with the Hamiltonian (23), the continuity equation is obtained:
∂tρ+ ∂αj
α = 0, (27)
where the quantum particle current jα has form
jα(r, t) =
∫
dR
N∑
i=1
δ(r− ri)
[
1
2
ψ∗Dαi ψ
− 1
8m2i c
2
(ψ∗Dαi D
2
iψ +D
α
i ψD
∗2
i ψ
∗)
−
N∑
j=1,j 6=i
eiej
4mjc2
Gαβij ψ
∗Dβj ψ + c. c.
]
. (28)
Form of the continuity equation in comparison with the non-relativistic case does
not change, but expression for the current obtains corresponding corrections.
5. Euler equation
In the same way, differentiating with respect to time expression for current (28), we
obtain the quantum equation of particle current evolution (the Euler equation):
∂tj
α + ∂βΠ
αβ = enEαext +
e
mc
εαβγjβBγext + Fα. (29)
General form of this equation coincides with classical analog (8). However, functions
Παβ and Fα contain quantum contribution. The quantum flux of particle current
Παβ(r, t) equals to
Παβ =
∫
dR
N∑
i=1
δ(r− ri)
[
1
4mi
(ψ∗Dβi D
α
i ψ +D
∗β
i ψ
∗Dαi ψ)
− 1
8m3i c
2
(ψ∗Dβi D
α
i D
2
iψ +D
∗β
i ψ
∗Dαi D
2
iψ +D
∗α
i ψ
∗Dβi D
2
iψ
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+D∗2i ψ
∗Dβi D
α
i ψ)−
N∑
j=1,j 6=i
eiej
8mimjc2
[Gβγij (ψ
∗DγjD
α
i ψ +D
∗γ
j ψ
∗Dαi ψ)
+Gαγij (ψ
∗DγjD
β
i ψ +D
∗γ
j ψ
∗Dβi ψ)] + c. c.
]
. (30)
In non-relativistic limit the flux of particle current coincides with the momentum current,
but in semi-relativistic and full relativistic cases this is no longer true [30].
As in the case of the current, the tensor of flux of the particle current contains
corrections appearing in the semi-relativistic approximation. It is possible to show that
this tensor is symmetrical: Παβ(r, t) = Πβα(r, t).
Force density Fα(r, t) can be represented as sum of three terms, which reflects
contribution from various types of interaction:
Fα(r, t) = Fαcl(r, t) + Fαr (r, t) + Fαcur(r, t), (31)
where
Fαcl = −
∫
dR
N∑
i,j=1,i 6=j
δ(r− ri)eiej∂αi Gijψ∗ψ, (32)
describes contribution of the Coulomb interaction in the force density,
Fαr = −
∫
dR
N∑
i=1
δ(r− ri) ei
4m2i c
2
[Eαi (ψ
∗D2iψ + c. c.)
+ Eβi (ψ
∗Dβi D
α
i ψ +D
∗β
i ψ
∗Dαi ψ + c. c.)− h¯2∂βi (∂αi Eβi ψ∗ψ)] (33)
is part of force density associated with the relativistic correction to kinetic energy. This
quantity consists from three groups of terms. First of them is proportional to kinetic
energy density Fαr,ε = − emc2Eαε, second is proportional to the flux of particle current
Fαr,Π = − emc2EβΠαβ , third gives new purely quantum term in the Euler equation. It is
proportional to a divergence of tensor, which consists from product of number density
on spatial derivative of electric field Fαr,h¯ = eh¯
2
4m2c2
∂β(n∂αEβ).
Third term in equation (31) has form
Fαcur =
∫
dR
N∑
i,j=1,i 6=j
δ(r− ri)
[
− eie
2
j
2mjc2
Gαβij E
β
j ψ
∗ψ
+
eiej
8mimjc2
(∂αi G
βγ
ij − ∂βi Gαγij )(ψ∗Dβi Dγjψ +D∗βi ψ∗Dγjψ + c. c.)
+
eiej
8m2jc
2
∂γi G
αβ
ij (ψ
∗DβjD
γ
jψ +D
∗β
j ψ
∗Dγjψ + c. c.)
− eiejh¯
2
8mimjc2
∂αi G
βγ
ij ∂
β
i ∂
γ
j (ψ
∗ψ)
]
, (34)
and represents part of field density associated with the current-current interaction
between particles. It consists from four groups of terms. The first group corresponds to
existing in classical theory term arising from explicit dependence of particle momentum
from velocities of other particles (pi 6= mivi). The second group being considered in the
self-consistent field approximation, with dropping thermal contribution as well, leads
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to magnetic part of the Lorentz force e[j,Bint]/(mc) caused by the current-current
interaction (we show it explicitly in the Appendix). The third group is proportional to
the flux of particle current and corresponds to the classical expression (see the third line
in formula (11). The fourth group of terms is totally quantum, it has complex structure
and, in particular, is proportional to second derivative of two-particle concentration (36).
Full electric field acting on i-th particle is defined in next way:
Eiα = E
α
i,ext −
N∑
j=1,j 6=i
ej∂
α
i Gij. (35)
The Euler equation, unlike the continuity equation, interaction enters in explicit
form. In case of system with the Coulomb interaction obtained equation coincides
by form with classical equation, however, it contains quantum correlations caused by
exchange interactions. Quantum character shows in the presence of additional quantum
pressure called the quantum Bohm potential.
At account of the semi-relativistic corrections, essentially new terms appear in the
Euler equation. Two group of terms appear in all: first associated with the relativistic
correction to kinetic energy, second - with the current-current interaction. Part of these
terms is classical, i. e. appears at constructing of classical hydrodynamics based on the
Darwin Lagrangian (but we should note that the flux of particle current and the energy
density contain quantum parts, which is absent in the classical theory). Essentially new
terms are the quantum terms explicitly proportional to h¯.
Deriving equations of quantum hydrodynamics we start from definition of number
(or mass) density, its differentiation gives continuity equation. In this equation
expression for current density through wave function appears. In equation for current
density new functions appear, for which by differentiation over time evolution equations
can be derived. In this way infinite chain of equations in 3D physical space is obtained,
similar to BBGKY chain in kinetics. This chain of equations is equivalent to the initial
Schro¨dinger equation in configuration space.
Equations obtained above are written in general form. We consider these equations
in self-consistent field approximation further. If we introduce two-particle concentration
in the Coulomb force field (32)
n2(r, r
′, t) =
∫
dR
N∑
i,j=1,i 6=j
δ(r− ri)δ(r′ − rj)ψ∗(R, t)ψ(R, t), (36)
then in case of system consisting from one kind of particles, and also in self-consistent
field approximation (n2(r, r
′, t) = n(r, t)n(r′, t)), expression for force density of the
Coulomb interaction Fαcl take form
Fαcl(r, t) = −e2n(r, t) ∂α
∫
G(r− r′)n(r′, t)dr′. (37)
Further, after introduction of velocity field in section 7, all quantities in obtained
equations are written in the self-consistent field approximation.
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6. Energy balance equation
Investigating hydrodynamical equations five-moment approximation is considered
usually, consisting of continuity equation, momentum balance equation and energy
balance equation. Continuity equation and momentum balance equation were obtained
above. Now we proceed to derivation of quantum energy balance equation. Energy
density for considered system of particles is defined in next way:
ε(r, t) =
∫
dR
N∑
i=1
δ(r− ri)
[(
1
4mi
ψ∗D2iψ −
1
16m3i c
2
ψ∗D4iψ + c. c.
)
+
N∑
j=1,j 6=i
(
1
2
eiejGijψ
∗ψ − eiej
8mimjc2
Gαβij (ψ
∗Dαi D
β
j ψ + c. c.)
)]
. (38)
As in the case of mass current density (28), differentiating this expression over time
and using Schro¨dinger equation we obtain energy balance equation:
∂tε(r, t) + ∂αQ
α(r, t) = jαe (r, t)Eα(r, t) +A(r, t), (39)
where Qα(r, t) is vector of energy current density, A(r, t) is work density. Vector of
energy current density has complex structure. We divide it on three parts
Qα(r, t) = Qα0 (r, t) +Q
α
coul(r, t) +Q
α
r,cur(r, t), (40)
and consider them separately. First term in (40) is non-relativistic kinetic energy current
density (see [1]) and has form
Qα0 =
∫
dR
N∑
i=1
δ(r− ri) 1
8m2i
(ψ∗Dαi D
2
iψ +D
∗α
i ψ
∗D2iψ + c. c.). (41)
Energy current of the Coulomb interaction is represented by second term in formula
(40):
Qαcoul =
∫
dR
N∑
i,j=1,i 6=j
δ(r− ri)eiejGij
[
1
4mi
(ψ∗Dαi ψ + c. c.)
− 1
16m3i c
2
(ψ∗Dαi D
2
iψ +D
∗α
i ψ
∗D2iψ + c. c.)
−
N∑
k=1,k 6=j
eiek
8mimkc2
Gαβik (ψ
∗Dβkψ + c. c.)
]
, (42)
where expression in square brackets is analogous by its structure to the current jα (28)
and consists from three parts. First part corresponds to result obtained earlier from
non-relativistic theory [1], second and third parts are caused by contribution from semi-
relativistic effects (the addition to kinetic energy and the current-current interaction,
correspondingly).
Part of energy current Qαr,cur arising from semi-relativistic corrections in the
Hamiltonian (25) is defined by expression
Qαr,cur = −
∫
dR
N∑
i=1
δ(r− ri)
[
1
16m4i c
2
(ψ∗Dαi D
4
iψ
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+D∗αi ψ
∗D4iψ +D
∗2
i ψ
∗Dαi D
2
iψ + c. c.)
+
N∑
j=1,j 6=i
eiej
16m2imjc
2
{Gαβij (ψ∗DβjD2iψ +D∗βj ψ∗D2iψ + c. c.)
+Gβγij (ψ
∗Dαi D
β
i D
γ
jψ +D
∗α
i ψ
∗Dβi D
γ
jψ + c. c.)}
]
. (43)
Terms in the first two lines arise from the semi-relativistic correction to kinetic energy,
in the last two lines - from the current-current interaction between particles.
Expression for work density A(r, t) can be also divided in three parts:
A(r, t) = Acl(r, t) +Ar(r, t) +Acur(r, t), (44)
where
Acl =
∫
dR
N∑
i,j=1,j 6=i
δ(r− ri)eiej∂αi Gij
[
1
4mi
(ψ∗Dαi ψ + c. c.)
− 1
4mj
(ψ∗Dαj ψ + c. c.)−
1
16m3i c
2
(ψ∗Dαi D
2
iψ +D
∗α
i ψ
∗D2iψ
+ c. c.) +
1
16m3jc
2
(ψ∗Dαj D
2
jψ +D
∗α
j ψ
∗D2jψ + c. c.)
−
N∑
k=1,k 6=i
eiek
8mimkc2
Gαβik (ψ
∗Dβkψ + c. c.)
+
N∑
k=1,k 6=j
ejek
8mjmkc2
Gαβjk (ψ
∗Dβkψ + c. c.)
]
, (45)
Acl is the Coulomb part of work density (it is seen from the definition of mass current
density (28) and formula jα(r, t) =
∫
dR
∑N
i=1 δ(r − ri)ψ∗ψmiviα, from which it is seen
that
viα =
1
2mi
Dαi ψ
ψ
− 1
8m3i c
2
1
ψ∗ψ
(ψ∗Dαi D
2
i ψ +D
∗α
i ψ
∗D2iψ)
−
N∑
j=1,j 6=i
eiej
4mimjc2
Gαβij
Dβj ψ
ψ
+ c. c., (46)
after this it is easy to see correspondence between formula for Acl and corresponding
part of classical energy balance equation (15)). Work density Ar associated with the
relativistic correction to kinetic energy looks in the following way:
Ar =
∫
dR
N∑
i=1
δ(r− ri) ei
8m3i c
2
[
h¯2∂αi [∂
β
i E
β
i (ψ
∗Dαi ψ + c. c.)]
+ h¯2∆iE
α
i (ψ
∗Dαi ψ + c. c.) + h¯
2Eαi ∂
α
i ∂
β
i (ψ
∗Dβi ψ + c. c.)
− 2 h¯
i
∂αi E
β
i (ψ
∗Dαi D
β
i ψ − c. c.)
]
. (47)
This function is proportional to square of Planck constant h¯ (with respect to fact that
expression in the last line also gives square of h¯ at expansion). Terms in the first two
lines are proportional to derivative of electric field and current density, and with respect
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to this fact this expression (in the case of system with one kind of particles) can be
written in the following form:
Ar = eh¯
2
4m3c2
[
∂α(∂βEβj
α) + ∆Eαj
α + Eα∂α(∂βj
β)
+ ∂αEβ
∫
dR
N∑
i=1
δ(r− ri) i
h¯
(ψ∗Dαi D
β
i ψ − c. c.)
]
. (48)
Finally we obtain work density Acur associated with the current-current interaction
between particles:
Acur =
∫
dR
N∑
i,j=1,j 6=i
δ(r− ri) eiej
8mimjc2
[eiE
α
i G
αβ
ij (ψ
∗Dβj ψ + c. c.)
− ejEβj Gαβij (ψ∗Dαi ψ + c. c.) +
2
mi
∂γi G
αβ
ij (ψ
∗DγiD
α
i D
β
j ψ + c. c.)
− 1
2mi
∂γi G
αβ
ij (ψ
∗DγiD
α
i D
β
j ψ +D
∗γ
i ψ
∗Dαi D
β
j ψ + c. c.)
+
1
2mj
∂γi G
αβ
ij (ψ
∗DγjD
α
i D
β
j ψ +D
∗γ
j ψ
∗Dαi D
β
j ψ + c. c.)
+
h¯
imi
∆iG
αβ
ij (ψ
∗Dαi D
β
j ψ − c. c.)]. (49)
Expression in the last line is completely quantum. Other terms correspond to the
classical current-current terms in the right-hand side of energy balance equation (15),
but as in the case of tensor of the flux of particle current (30) they give a quantum
contribution. So we have an analog of the quantum Bohm potential.
7. Introduction of velocity field
7.1. Exponential form of wave function and velocity of particle
Basic fact is the fact that mass current density is jα(r, t) = mn(r, t)vα(r, t), i. e. velocity
field vα(r, t) is defined from obtained above expressions for number density and current
density.
Wave function of N particle system can be represented as
ψ(R, t) = a(R, t) exp(iS(R, t)/h¯), (50)
In formula (50), which is called the Madelung decomposition, a2(R, t) is the probability
density of detection in volume (R,R + dR) of 3N dimensional configuration space, and
phase of wave function S(R, t) is quantity, gradient of which corresponds to probability
current in non-relativistic case.
Substituting given expression (50) in the formula for the current (28) we obtain:
jα(r, t) =
∫
dR
N∑
i=1
δ(r− ri)mia2vαi , (51)
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where
vαi =
sαi
mi
− s
α
i s
2
i
2m3i c
2
+
h¯2
2m3i c
2
[
sαi a
−1∆ia+ ∂
α
i (s
β
i ∂
β
i ln a)
+
1
2
∂αi ∂
β
i s
β
i
]
−
N∑
j=1,j 6=i
eiej
2mimjc2
Gαβij s
β
j , (52)
and quantity si is defined as s
α
i = ∂
α
i S − eic Aαi . Velocity of i-th particle should be
divided into the velocity field and the thermal velocity of of ith particle: vαi (R, t) =
vα(r, t) + uαi (r, R, t). The velocity field is introduced in order that the current equals to
zero on the thermal velocities:∫
dR
N∑
i=1
δ(r− ri)mia2uαi = 0. (53)
As a result we obtain familiar expression for the mass current density (for convenience
we consider system with one kind of particles, i. e. mi = m, ei = e for each i):
jα(r, t) = mn(r, t)vα(r, t). (54)
In terms of the velocity field, the continuity equation takes the well-known form form
∂tn(r, t) + ∂α[n(r, t)v
α(r, t)] = 0. (55)
7.2. Equation for the velocity field evolution
Using the Madelung decomposition for wave function (50) current and energy evolution
equations can be expressed through familiar hydrodynamical and thermodynamical
quantities.
For system with one kind of particles the current evolution equation takes form
mn(r, t)(∂t + vβ(r, t)∂β)vα(r, t) + ∂βpαβ(r, t) + ∂βTαβ(r, t) =
= enEα +
e
c
nεαβγvβBγ + F clα + F qα, (56)
where pαβ(r, t) is the kinetic pressure tensor, Tαβ(r, t) is the quantum addition to the
thermal pressure (the quantum Bohm potential), the electric field E is the sum of the
external field and the field associated with the interaction between particles: Eα(r, t) =
Eextα (r, t)+E
int
α (r, t), and similarly for the magnetic field: Bα(r, t) = B
ext
α (r, t)+B
int
α (r, t).
Function F clα is the classical semi-relativistic part of force density (see (11); one needs to
account the fact that functions pαβ(r, t) and ρǫ(r, t) contain quantum part, for example,
instead of pαβ it should be written pαβ + Tαβ), and F qα is a specific part of the force
density appearing in the QHD:
F qα =
eh¯2
4m2c2
∂β(∂αEβ · n)
− e
2h¯2
8m2c2
∂βn(r, t)
∫
dr′∂αGβγ(r− r′)∂′γn(r′, t). (57)
Fields Eint, Bint associated with interaction between particles of system satisfy to
following formulas:
Eint(r, t) = −∇ϕint(r, t), (58)
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and
Bint(r, t) = curlAint(r, t), (59)
with
ϕint(r, t) = e
∫
dr′G(r− r′)n(r′, t), (60)
and
Aintα (r, t) =
e
2c
∫
dr′Gαβ(r− r′)n(r′, t)vβ(r′, t). (61)
These fields obey the quasi-static Maxwell equations:
∇E(r, t) = 4π∑
a
eana(r, t), (62)
∇× E(r, t) = 0, (63)
∇B(r, t) = 0, (64)
and
∇×B(r, t) = 4π
c
∑
a
eana(r, t)va(r, t), (65)
where a stands for species of particles.
Tensor παβ(r, r
′, t) entering in F clα (11) looks like
παβ(r, r
′, t) = (66)
=
∫
dR
N∑
i,j=1,i 6=j
δ(r− ri)δ(r′ − rj)a2
(
uiαujβ − h¯
2
2m2
∂iα∂jβ ln a
)
.
Tensor Tαβ(r, t) corresponding to the quantum Bohm potential has form
Tαβ(r, t) =
∫
dR
N∑
i=1
δ(r− ri)a2
[
− h¯
2
2m
(
1− v
2
i
c2
)
∂iα∂iβ ln a
+
h¯2
2mc2
(∂iαviγ∂iβviγ + viγ∂iα∂iβviγ)
+
h¯2
4mc2
(viα∂iβ + viβ∂iα)(∂iγviγ + 2viγ∂iγ ln a)
− h¯
4a−2
4m3c2
(a∂iα∂iβ∆ia+ ∂iα∂iβa∆ia− ∂iαa∂iβ∆ia− ∂iβa∂iα∆ia)
]
+
∫
dR
N∑
i=1,j=1,i 6=j
δ(r− ri)a2 h¯
2e2
4m2c2
(Gβγij ∂iα∂jγ ln a+G
αγ
ij ∂iβ∂jγ ln a). (67)
This is a general representation of the semi-relativistic quantum Bohm potential. It
is defined in terms of the amplitude a = a(R, t) of many-particle wave function (50)
and the quantum velocities vi appearing via the phase of many-particle wave function
(52). Usually, at applications of quantum hydrodynamics, the quantum Bohm potential
is used in approximation of independent particles, see for instance Ref. [3] formulas
(10)-(11), and Ref. [53] formula (17). Below we present approximate form of the semi-
relativistic quantum Bohm potential (67). The first term in the first group of terms in
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(67) is the non-relativistic part of the Bohm potential obtained in Ref. [1] (see formula
(35)). Its approximate form is
T αβnr = −
h¯2
4m
∂α∂βn +
h¯2
4m
(
∂αn · ∂βn
n
)
. (68)
We should also represent it as the density of force field
F αQ = −∂βT αβ =
h¯2
2m
n∂α
△√n√
n
(69)
to make it more recognizable.
The full semi-relativistic Bohm potential arises in approximation of independent
particles as
T αβ(r, t) = T αβnr −
v2
c2
T αβnr
+
h¯2
2mc2
n(∂αvγ∂βvγ + vγ∂α∂βvγ) +
h¯2
4mc2
n(vα∂β + vβ∂α)(∇v)
+
h¯2
4mc2
(∂γn)
(
vα∂βvγ + vβ∂αvγ
)
− 1
c2
(
vαvγT βγnr + v
βvγT αγnr
)
− h¯
4
4m3c2
(√
n · ∂α∂β△√n + ∂α∂β√n · △√n
− ∂α√n · ∂β△√n− ∂β√n · ∂α△√n
)
. (70)
Relativistic part of this formula appears to contain two type of structures. Terms
containing the velocity field v, so they explicitly have v2/c2 to reveal their semi-
relativistic nature. The second type of structures is presented by the two last lines
of formula (70). They have h¯
2
mc2
△ instead of v2/c2, so they give contribution in evolution
of quantum plasmas even than velocity field v is small. Transition from formula (67) to
formula (70) is a step towards closing of the QHD set.
7.3. Energy balance equation
Now the energy balance equation (39) should be expressed through the velocity field.
After substitution of the Madelung decomposition (50) into formula for the energy
density and dividing it in two parts, we obtain
ε(r, t) = εcl(r, t) + εq(r, t), (71)
where εcl is classical part of energy density (see (14)):
εcl(r, t) =
∫
dR
N∑
i=1
δ(r− ri)a2
[
1
2
mv2i +
3
8c2
mv4i
+
N∑
j=1,j 6=i
(
1
2
e2Gij +
e2
4c2
Gαβij v
α
i v
β
j
)]
, (72)
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and the quantum part of written below energy density εq appears as:
εq(r, t) =
h¯2
2m
∫
dR
N∑
i=1
δ(r− ri)a2
[
−∆ia
a
+
1
4c2
[(∇ivi)2
+ 2(∂βi v
γ
i )(∂
β
i v
γ
i ) + 2v
β
i ∆iv
β
i ] +
1
c2
∂βi a
a
(vβi ∂
α
i v
α
i + v
α
i ∂
β
i v
α
i )
− 1
2c2
a−1∆iav
2
i +
1
c2
a−2∂αi a∂
β
i av
α
i v
β
i −
h¯2
4m2c2
a−1∆i∆ia
+
N∑
j=1,j 6=i
e2
2mc2
Gαβij a
−1∂αi ∂
β
j a
]
. (73)
First term in formula (73) has non-relativistic quantum origin. Other terms are
associated with semi-relativistic corrections, that is seen from presence of the factor
1/c2 before them.
Separating classical current (i. e. not proportional to the thermal velocities) and
the Coulomb parts, function ε(r, t) can be represented in following form:
ε(r, t) =
1
2
mnv2 +
3
8c2
mnv4 +
e2
2
n
∫
dr′G(r− r′)n(r′, t)
+
e2
4c2
nvα
∫
dr′Gαβ(r− r′)n(r′, t)vβ(r′, t) + ρǫ, (74)
where ρǫ(r, t) may be called thermal energy density. This function is energy density
without terms containing the velocity field only (i. e. without terms containing thermal
velocities) in classical part of energy density εcl, and also the term, which is energy of
the Coulomb interaction.
The energy current can be represented as follows:
Qα = vαε+ vβ(pαβ + T αβ) + qα. (75)
The thermal current qα entering in the last formula has rather complicated form.
So, we represent it as a sum of several terms:
qα =
∫
dR
N∑
i=1
δ(r− ri)a2
[
uαi ρ˜ǫi + u
β
i T˜
αβ
i
− h¯
2
2m
a−1∂iβa∂iαviβ − h¯
2
4m
∂iα∂iβviβ
]
+ qα0 + q
α
I + q
α
II + q
α
III + q
α
IV + q
α
cur. (76)
Functions ρ˜ǫi and T˜
αβ
i are introduced in the following way:
ρǫ =
∫
dR
N∑
i=1
δ(r− ri)ρ˜ǫi, (77)
T αβ =
∫
dR
N∑
i=1
δ(r− ri)T˜ αβi . (78)
Functions qα0 , q
α
I , ..., q
α
IV are associated with the order of derivative appearing before
amplitude of wave function a(R, t); function qαcur is contribution in the thermal current
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from the current-current interaction. These functions are defined as
qα0 =
∫
dR
N∑
i=1
δ(r− ri) h¯
2
4mc2
a2
[
−1
2
v2i ∂
α
i ∂
β
i v
β
i
+ vγi ∂
α
i v
β
i ∂
β
i v
γ
i − vβi ∂αi vγi ∂βi vγi − vβi vγi ∂αi ∂βi vγi
+ vαi [(∂
β
i v
γ
i )(∂
β
i v
γ
i ) + v
β
i ∆iv
β
i ]−
h¯2
4m2
∂αi ∂
β
i ∆iv
β
i
]
, (79)
qαI =
∫
dR
N∑
i=1
δ(r− ri) h¯
2
8mc2
a∂γi a
[
−2v2i ∂αi vγi
+ 4vαi v
β
i ∂
γ
i v
β
i −
h¯2
m2
∂αi ∂
β
i ∂
γ
i v
β
i −
h¯2
m2
∂αi ∆iv
γ
i
]
, (80)
qαII =
∫
dR
N∑
i=1
δ(r− ri) h¯
2
4mc2
[
− h¯
2
2m2
a∆ia∂
α
i ∂
β
i v
β
i
− h¯
2
m2
a∂βi ∂
γ
i a∂
α
i ∂
β
i v
γ
i
− a2∂αi ∂βi ln a
{
3vβi v
2
i +
h¯2
2m2
(∂βi ∂
γ
i v
γ
i +∆iv
β
i )
}]
, (81)
qαIII =
∫
dR
N∑
i=1
δ(r− ri) h¯
4
4m3c2
[−a∂βi ∆ia∂αi vβi
+ (∂αi a∂
β
i ∂
γ
i a− a∂αi ∂βi ∂γi a)∂βi vγi ], (82)
qαIV =
∫
dR
N∑
i=1
δ(r− ri) h¯
4
8m3c2
(vαi ∆ia∆ia− 2vβi a−1∂αi a∂βi a∆ia
+ 2vβi ∆ia∂
α
i ∂
β
i a− vαi a∆i∆ia), (83)
and
qαcur =
∫
dR
N∑
i,j=1,j 6=i
δ(r− ri)e
2h¯2a2
8m2c2
[Gαβij (2∂jβviγa
−1∂iγa+ ∂jβ∂iγviγ
+ 4a−1∆iavjβ) +G
βγ
ij (3∂iαvjγa
−1∂iβa+ 3vjγ∂iα∂iβ ln a
+ 2∂iα∂iβvjγ + ∂iαviβa
−1∂jγa− viβ∂iα∂jγ ln a)
+ ∂iαG
βγ
ij (∂iβvjγ + 2vjγa
−1∂iβa)]. (84)
As a result, the energy balance equation take following form:
∂tε(r, t) + ∂αQ
α(r, t) = en(r, t)v(r, t)E+A(r, t), (85)
where functions ε and Qα are defined by formulas (71)-(73) and (75)-(84)
correspondingly. Form of work density A is considered below in details. It is convenient
to divide it on three parts: A(r, t) = Acl(r, t)+Aq(r, t)+α(r, t). Acl(r, t) is part of work
density corresponding to classical expression (see the right-hand side of equation (15)),
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Aq(r, t) is quantum part of work density:
Aq(r, t) =
h¯2e
4m2c2
[∂α(∂βEβ · nvα) + ∆Eαnvα
+ ∂αEβ(vα∂βn+ vβ∂αn) + Eα∂α∂β(nvβ)] (86)
− h¯
2e2
8m2c2
∫
dr′∆Gαβ(r− r′)[nvα(r, t)∂′βn(r′, t) + nvβ(r′, t)∂αn(r, t)].
Function α(r, t) has sense of thermal work density and can be represented as sum
of three parts:
α(r, t) = αcl(r, t) + αr(r, t) + αcur(r, t), (87)
where αcl corresponds to classical part of thermal work density (20),
αr(r, t) =
∫
dR
N∑
i=1
δ(r− ri) eh¯
2
4m2c2
[∂iα(∂iβEiβa
2uiα)
+ ∆iEiαa
2uiα + Eiα∂iα∂iβ(a
2uiβ)
+ 2∂iαEiβ(a∂iβauiα + a∂iαauiβ + a
2∂iαviβ)], (88)
is completely quantum part of thermal work density associated with the relativistic
correction to kinetic energy,
αcur(r, t) =
∫
dR
N∑
i,j=1,j 6=i
δ(r− ri)
[
e2h¯2
8m2c2
∂iγG
αβ
ij ×
× {viαa2∂iγ∂jβ ln a+ vjβa2∂iγ∂iα ln a
− a(4viα∂iγ∂jβa+ 2viγ∂iα∂jβa+ 4vjβ∂iγ∂iαa
+ 3∂iγviα∂jβa + 4∂iαvjβ∂iγa+ 3∂iγvjβ∂iαa+ 3∂iα∂iγvjβa)
− [viαa2∂jβ∂jγ ln a+ vjβa2∂iα∂jγ ln a
+ 2vjγa∂iα∂jβa+ ∂jγviαa∂jβa + ∂jγvjβa∂iαa+ ∂jγ∂iαvjβa
2]}
− e
2h¯2
4m2c2
∆iG
αβ
ij (a∂jβauiα + a∂iαaujβ + a
2∂iαvjβ)
]
, (89)
is quantum part of thermal work density, presence of which is associated with the
current-current interaction between particles. Function αcur, as the functions of thermal
energy density nǫ, quantum Bohm potential Tαβ, thermal current q
α, classical part of
thermal work density αcl, involve velocities of particles, which are the sum of the velocity
field and the thermal velocities. It should be noticed that these quantities involve velocity
field, not thermal velocities only.
Equations (55), (56) and (85) form a set of quantum hydrodynamical equations in
the five-moment approximation including the continuity equation, the Euler equation
and the energy balance equation.
It is necessary to notice that after introducing of the velocity field possibility to
compare equations of quantum hydrodynamics with classics appears. These equations
coincide to the accuracy of terms proportional to the Planck constant h¯. In such a
way possibility to derive quantum and classical equations at the same time. Classical
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equations obtain by turning to zero of Planck constant in the equations of quantum
hydrodynamics.
In the absence of thermal contribution and many-particle quantum correlations
we can present simplified form of quantum part of q (76), which is an analog of the
quantum Bohm potential (70) in the Euler equation (29). The quantum Bohm potential
is the quantum part of the flux of particle current (the momentum current in the non-
relativistic approach). Here we have the quantum part of the energy current presented
as the sum of relativistic and non-relativistic parts:
qh¯ = qnon−relh¯ + qrelh¯. (90)
The non-relativistic quantum energy current was obtained in Ref. [1]. It can be written
as
qαnon−relh¯ = −
h¯2
4m
(∂βn)∂αv
β − h¯
2
4m
n∂α(∇v). (91)
The semi-relativistic part of the quantum energy current is rather large, so we present
it as sum of several terms
qαrelh¯ = q
α
0,h¯ + q
α
I,h¯ + q
α
II,h¯ + q
α
III,h¯ + q
α
IV,h¯, (92)
where terms are separated by order of the spatial derivatives before the particle
concentration. These terms have following explicit form.
qα0,h¯ =
h¯2
4mc2
n
[
−1
2
v2∂α(∇v)
+ vγ(∂αvβ)∂βvγ − vβ(∂αvγ)∂βvγ − vβvγ∂α∂βvγ
+ vα(∂βvγ)(∂βvγ) + vαvβ∆vβ − h¯
2
4m2
∂α∂β∆vβ
]
(93)
contains the particle concentration without derivatives of the particle concentration.
The first six terms have the third order of the velocity field with two spatial derivatives.
The last term has the first order of the velocity field, four spatial derivatives of the
velocity field and additional square of the Plank constant.
qαI,h¯ =
h¯2
8mc2
(∂γn)
[
−v2∂αvγ
+ 2vαvβ∂γvβ − h¯
2
2m2
∂α∂β∂γvβ − h¯
2
2m2
∂α∆vγ
]
(94)
is proportional to gradient of the particle concentration. It also contains two group
of terms. The first group has the third order of the velocity field with one spatial
derivatives. The second group contains the first order of the velocity field with three
spatial derivatives and additional square of the Plank constant.
qαII,h¯ = −
h¯4
4m3c2
[
1
2
√
n(∆
√
n)∂α∂βvβ +
√
n(∂β∂γ
√
n)∂α∂βvγ
+
1
2
n(∂α∂β ln
√
n)(∂β∂γvγ +∆vβ)
]
− h¯
2
4mc2
3n(∂α∂β ln
√
n)vβv2 (95)
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consists of two groups of terms. The first of them consists of three terms. All of them
contain the spatial derivatives of the concentration up to the second derivative. They
also contain the second derivative of the velocity field. The second group consists of the
one term. It has similar dependence on order of derivatives of the particle concentration
as the first group of terms. It contains the third order of the velocity field without
derivatives of the velocity field. It also explicitly shows v2/c2.
qαIII,h¯ =
h¯4
4m3c2
[−√n(∂β∆√n)∂αvβ
+ ((∂α
√
n)∂β∂γ
√
n−√n∂α∂β∂γ√n)∂βvγ], (96)
here we find the first spatial derivatives of the velocity field along with the spatial
derivatives of the particle concentration. Each term may contain product of several
concentrations, some of them may be under spatial derivatives, and total order of these
derivatives is three.
qαIV,h¯ =
h¯4
8m3c2
(
vα(∆
√
n)2 − 1
2
vβ
1
n
√
n
(∂αn)(∂βn)(∆
√
n)
+ 2vβ(∆
√
n)∂α∂β
√
n− vα√n∆∆√n
)
(97)
contains the first order of the velocity field without spatial derivatives acting on it. qIV,h¯
has spatial derivatives of the particle concentration up to the fourth order. Formulas
(90)-(97) is a step to get a closed set of the QHD equations in the five-moment
approximation.
8. Spectrum of linear excitations in semi-relativistic quantum plasmas
Let us consider high-frequency linear excitations in semi-relativistic quantum plasmas
consisting of electrons and ions (ions are assumed to be immobile). The number density
and the velocity field are represented as n = n0 + n
′, vα = 0 + v
′
α, n0 is an equilibrium
value of the number density; currents of particles are supposed to be absent in the
equilibrium state. At linearization hydrodynamic equations take form
∂tn
′ + n0∂αv
′
α = 0, (98)
m∂tv
′
α −
h¯2
4mn0
∂α∆n
′ − h¯
4
8m3c2n0
∂α∆∆n
′ + γ
T
n0
∂αn
′ =
= e
[
∂αϕ+
h¯2
4m2c2
∂α∆ϕ− 5T
2mc2
∂αϕ− e
2n0
2mc2
∫
dr′Gαβ(r− r′)∂′βϕ(r′, t)
− eh¯
2
8m2c2
∫
dr′∂γGαβ(r− r′)∂′β∂′γn′(r′, t)
]
, (99)
and
∆ϕ = 4πen′, (100)
in the fourth term in the left-hand side of equation (99) we use equation of adiabatic
process and express pressure through temperature using equation of state p = nT (where
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T is temperature, γ is the adiabatic index) and assuming that wave propagation is an
adiabatic process.
Carrying Fourier transformation and taking into account that Gαβ(k) =
(8π/k2)(δαβ − kαkβ/k2), from condition of equality to zero for determinant of this set
we obtain dispersion relation for the semi-relativistic Langmuir waves in plasma:
ω2(k) = ω2p
(
1− h¯
2k2
4m2c2
− 5T
2mc2
)
+
h¯2k4
4m2
− h¯
4k6
8m4c2
+
γT
m
k2, (101)
where ωp =
√
4πe2n0/m is the Langmuir frequency, γ = 3 in classic adiabatic one-
dimensional case (see [82], chapter 4 section 4). This expression differs from classical one
by presence of three terms, first of which is proportional to k2/c2 and it is consequence
of new quantum semi-relativistic terms in the right-hand side of momentum balance
equation. The first term proportional the Langmuir frequency contains three different
contributions: the electric force giving the non-relativistic Langmuir oscillations, hybrid
of the electric force and the semi-relativistic part of kinetic energy given by the last term
of formula (33) or the first term in formula (57), and the thermal relativistic corrections
having classic nature and presented by the first part of formula (33) correspondingly.
The second and third terms are proportional to k4 and k6 correspondingly and arise
from formula obtained above for the quantum contribution in pressure given by the
quantum Bohm potential (70).
In our recent paper [40] we have considered contribution of the Darwin term in the
Euler equation along with other semi-relativistic terms given by the Darwin Lagrangian
and studied in this paper. We found that the hybrid force appearing at simultaneous
account of the electric force and the semi-relativistic part of kinetic energy (see the
first term in formula (57)) and the force field given by the Darwin interaction partially
cancel each other living no trace in linear approximation. Consequently being considered
together they do not give contribution in the spectrum of Langmuir waves. Therefore
final semi-relativistic spectrum of the Langmuir waves is
ω2(k) = ω2p
(
1− 5T
2mc2
)
+
h¯2k4
4m2
− h¯
4k6
8m4c2
+
γT
m
k2. (102)
This result also gives generalization of the spectrum obtained in Ref. [32], where authors
did not considered contribution from the relativistic part of kinetic energy in equations
of collective motion. They aimed to neglect contribution from relativistic part of the
quantum Bohm potential (the third term in formula (102)). However, it appears that the
relativistic part of kinetic energy gives additional terms in the force field via commutators
of corresponding terms in the Hamiltonian (23) and the quantum particle current (28).
9. Conclusion
During this work microscopic equations of quantum hydrodynamics for semi-relativistic
system of particles based on the Darwin Hamiltonian. Equations were obtained in five-
moment approximation including continuity equation, balance equation for momentum
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and energy. Role of quantum relativistic terms is emphasized in the momentum and
energy balance equations. Unlike the Coulomb quantum plasma, where contribution
of quantum effects is reduced mainly to the quantum Bohm potential and exchange
interaction, in the considered case quantum relativistic effects lead to presence of terms
with complex structure in the equations. In this paper we stay on derivation of equations
and, as an illustration of quantum relativistic effects we consider dispersion of proper
waves in semi-relativistic quantum plasma. From obtained dispersion relation it is seen
that quantum relativistic effects appear even in linear approximation. So, we may expect
appearing of various nonlinear quantum relativistic phenomena, at investigation of which
equations derived in this paper can be applied.
10. Appendix: Method of the Lorentz force extraction
Let us consider the second term in the quantum force field describing the current-current
interaction Fαcur (34) since it gives the magnetic part of the Lorentz force. This term
appears as
F αL =
e2
8m2c2
∫
dR
N∑
i,j=1,i 6=j
δ(r− ri)(∂αi Gβγij − ∂βi Gαγij )×
× (ψ∗Dβi Dγjψ +D∗βi ψ∗Dγjψ + c. c.). (103)
We can represent it in terms of a two particle function
F αL =
e2
2m2c2
∫
(∂αGβγ(r− r′)− ∂βGαγ(r− r′))ℑβγ2 (r, r′, t)dr′, (104)
where
ℑβγ2 (r, r′, t) =
∫
dR
N∑
i,j=1,i 6=j
δ(r− ri)δ(r′ − rj)×
× 1
4
(ψ∗Dβi D
γ
j ψ +D
∗β
i ψ
∗Dγjψ + c. c.). (105)
In the self-consistent field approximation a product of non-relativistic parts of the
current j (28) arises in ℑαβ2 (r, r′, t). So we have ℑαβ2 (r, r′, t) = jαNR(r, t)jβNR(r′, t), where
jNR(r, t) is the non-relativistic part of current j (28). Since ℑαβ2 (r, r′, t) is in a semi-
relativistic term we can present it as ℑαβ2 (r, r′, t) = jα(r, t)jβ(r′, t), with the full currents
j (28). Formula (104) now appears as
F αL =
e2
2m2c2
jβ(r, t)
∫
(∂αGβγ(r− r′)− ∂βGαγ(r− r′))jγ(r′, t)dr′
=
e2
2m2c2
jβ(r, t)
[
∂α
∫
Gβγ(r− r′)jγ(r′, t)dr′
− ∂β
∫
Gαγ(r− r′)jγ(r′, t)dr′
]
. (106)
Introducing the vector potential of magnetic field created by moving charges
Aαint(r, t) =
e
2mc
∫
Gαβ(r− r′)jβ(r′, t)dr′, (107)
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and using the following identity
∂αAβint − ∂βAαint = εαβγBγint (108)
(it is meaning Bint = curlAint), we find
F αL =
e
mc
εαβγjβBγint. (109)
Applying j = mnv (see formula (54)) we can represent FL in the final form
FL =
e
c
n[v,Bint]. (110)
Let us admit that magnetic field Bint obeys the magneto-static Maxwell equations
curlBint =
4pi
c
j (65) and divBint = 0 (64).
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